It is generally well understood the legitimate action of the Moisil-Theodoresco operator, over a quaternionic valued function defined on R 3 (sum of a scalar and a vector field) in Cartesian coordinates, but it does not so in any orthogonal curvilinear coordinate system. This paper sheds some new light on the technical aspect of the subject. Moreover, we introduce a notion of quaternionic Laplace operator acting on a quaternionic valued function from which one can recover both scalar and vector Laplacians in vector analysis context.
1 Introduction.
The Moisil-Theodoresco operator (a determined first-order elliptic system to be defined below) is nowadays considered to be a good analogue of the usual Cauchy-Riemann operator of complex analysis to the quaternionic setting. It is a square root of the scalar Laplace operator in R 3 . The consideration of the Moisil-Theodoresco operator was the starting point in the development of the hyperholomorphic function theory, see [4] and [17] .
In recent times, the theory of hyperholomorphic quaternion-valued functions has been developed along many interesting directions, including the treatment of several problems from mathematical physics with quaternionic analysis techniques, in particular the Lamé-Navier system from the theory of elasticity. See for instance [6] , [7] , [8] , [9] and [18] .
It is generally well understood the legitimate action of the Moisil-Theodoresco operators, over a quaternionic valued function defined on R 3 (sum of a scalar and a vector field) in Cartesian coordinates, but it does not so in any orthogonal curvilinear coordinate system. This work is intended to derive the explicit expressions for such operator in a general orthogonal curvilinear coordinate system.
It is worth pointing out that the product of the Moisil-Theodoresco operator with its adjoint produces and elliptic (but not strongly elliptic) operator in R 3 , which can be see as a generalization of the Bitsadze operator to the space R 3 , see [2] , [3] and [23] .
The term quaternionic analysis is a generalization or extension of complex analysis for holomorphic functions depending on one complex variable, where the latter means function theory for complex-valued functions in one complex variable.
The class of functions belonging to the kernel of the Moisil-Theodoresco operator enjoys many satisfactory properties and strategies similarly to holomorphic functions with results known from vector analysis.
Vector analysis is a classical subject dealing with those aspects of vectors which are usually confined to three dimensional Euclidean space. Vector multiplication is not uniquely defined, such as the scalar and vector products. The last is not associative without unit.
It is customary to think of a pure quaternion as a vector, although there are reasons why this is quite wrong. In quaternionic system the multiplication conjugates both the scalar and vector products, meanwhile in vector system they remain independently. For a deeper discussion of the differences in the multiplication proprieties of two pure quaternions and two vectors we refer the reader to [15] .
The study of quaternionic analysis in a Euclidean setting and Cartesian coordinates has grown into several major research fields, including many applications to other branches of mathematics, physical sciences, and engineering. For a thorough treatment of the subject can be found in [12] and [13] and the references given there.
At the same time, a closer examination reveals that, surprisingly for us, the definite meaning of the Moisil-Theodoresco operator acting on a quaternionic valued function defined on R 3 (sum of a scalar and a vector fields) in any orthogonal curvilinear coordinate system greatly differ from an approach within the framework of Cartesian coordinates. The purpose of the present work is to describe these subtle differences. The authors are not aware that the results of this paper can be found in the literature.
For the applications, we consider the relation of the Laplace operator and the product of the Moisil-Theodoresco operator with itself and so with its adjoint to the equilibrium of an isotropic elastic body in R 3 . Along the way a formula for the Lamé operator in any orthogonal curvilinear coordinate system is obtained.
Preliminaries
In this section, we provide standard facts from classical quaternionic analysis to be used in this paper. For more information, we refer the reader to [13] .
Let H(C) be the set of complex quaternions, i.e., that each quaternion a is represented in the form a = 3 k=0 a k i k , with {a k } ⊂ C; i 0 = 1 stands for the unit and i 1 , i 2 , i 3 stand for the quaternionic imaginary units. Denote the complex imaginary unit in C by i as usual. By definition, i commutes with all the quaternionic imaginary units i 1 , i 2 , i 3 .
The set H(C) is a complex non-commutative, associative algebra with zero divisors. The involution a →ā, called quaternionic conjugation, is defined bȳ
It satisfies ab =bā. The Euclidean norm |a| in H(C) is defined by |a| := 3 k=0 |a k | 2 . Writing for a = 3 k=0 a k i k ∈ H(C), a 0 =: Sc(a), a := 3 k=1 a k i k =: Vec(a), we have a = a 0 + a. We call a 0 the scalar part of the complex quaternion a and a the vector part of a. Then {Vec(a) : a ∈ H(C)} is identified with C 3 . This enables us to writeā = Sc(a) − a.
For any a, b ∈ H(C):
Denote by S the set of zero divisors from H(C) and by GH(C) the subset of invertible
Let Ω be a domain in R 3 . On C 1 (Ω; H(C)) the Moisil-Theodoresco operator, denoted by D M T , is defined to be:
Notice that D M T factorizes the scalar Laplacian as follows:
which implies several advantages in the applications to physical problems. The operator ∆ R 4 is a scalar operator, its acts separately on every coordinate function
This property guarantees that any hyperholomorphic function is also harmonic. Note that for an H(C)-valued function f := f 0 + f the action of the operator D M T can be represented as follows
This is an immediate consequence of the quaternionic product. As usual, the Moisil-Theodoresco operator can act on the right in which case the notation D r M T [f ] for the same f = f 0 + f means that:
Furthermore, consider the determined non-homogeneous first-order elliptic system
and also its adjoint
which correspond to the Moisil-Theodoresco operator D M T and D r M T , respectively. If (f 0 , f ) associates with the H(C)-valued function f := f 0 + f , then (f 0 , f ) satisfies systems (5) and (6) are equivalent to f satisfying the equations
where g := g 0 + g and D r M T [f ] = 0, respectively. A. Dzhuraev considers in his book [3] the following matrix differential operator named also Moisil-Theodoresco operator 0 div grad curl ,
whose action can be identify with the negative quaternionic conjugated to D M T .
3 The Moisil-Theodoresco operator in general orthogonal curvilinear coordinates Let x, y and z represent the Cartesian coordinates in R 3 , with the corresponding orthonormal basis {i 1 , i 2 , i 3 }. We assume that q 1 , q 2 , q 3 are general orthogonal curvilinear coordinates defined via three invertible and continuously differentiable transformation functions
Each system is characterized by the metric coefficients:
and the unit vectors u 1 , u 2 , and u 3 can be obtained as follows:
By abuse of notation, we continue to write a quaternionic-valued function f in orthogonal curvilinear coordinates in the following way:
It is known (see, e.g. [1] , [5] , [19] , [20] and [24] ) that the vectorial operations gradient, divergence and curl in orthogonal curvilinear coordinates can be expressed in terms of the metric coefficients and take the following form:
and
Then, the Moisil-Theodoresco operator for a quaternionic-valued function in orthogonal curvilinear coordinates is defined by:
Scalar versus vector Laplacian
The action of the vector Laplacian is reminiscent of the action of scalar Laplacian. Whereas the scalar Laplacian applies to a scalar field and returns a scalar quantity, the vector Laplacian applies to a vector field, returning a vector quantity. In orthonormal Cartesian coordinates, the returned vector field is equal to the vector field of the scalar Laplacian acting on each Cartesian component of the vector field separately. Meanwhile, in general orthogonal curvilinear coordinates they are two entirely different operators. In recent developments, authors (see [10] , [11] , [19] , [20] , [22] and [24] ) have been studied extensively the general expressions of the vector Laplacian in in orthogonal curvilinear coordinates. In this way vector analysis in general curvilinear coordinates systems contains two Laplacian operators neither of which can be applied to either scalar or vector fields. At the same time quaternion-valued functions defined in R 3 can be identified with a sum of a scalar and vector field, what would be impossible in vector calculus. Based on this fact naturally raise the question of whether or not a quaternionic Laplacian could be defined. In that respect we define on C 2 (Ω; H(C)) the following operator
where
Notice that the operator ∆ is independent of the choice of the coordinate system. In this way we obtain what we shall call the quaternionic Laplace operator in general orthogonal curvilinear coordinates. A short calculation shows that the Moisil-Theodoresco operator factorize the quaternionic Laplacian in orthogonal curvilinear coordinates as follows:
On the other hand, we introduce an elliptic (but not strongly elliptic) operator in R 3 , which can be see as a generalization of the Bitsadze operator to the space R 3 (see [2] , [3] and [23] ) as the vector part of the following opertator:
It turns out that it is also possible to factorize the operator ∆ H in the following manner:
As we will see below, this operator is related to the equilibrium of an isotropic elastic body (see [16] ).
Examples

Cartesian coordinates
For Cartesian coordinates one has h 1 = h 2 = h 3 = 1 and u 1 = i 1 , u 2 = i 2 u 3 = i 3 . Hence, the Moisil-Theodoresco operator takes the form:
The scalar Laplacian is:
and the vector Laplacian:
The previous equation could make us get the wrong idea that the action of the vector Laplacian is the action of the scalar Laplacian component by component, nevertheless this happens only for the case of the Cartesian coordinates and in any other orthogonal curvilinear system the result is totally different as we will see in the next example. The generalization of the Bitsadze operator to the space R 3 in Cartesian coordinates is:
Spherical coordinates
In spherical coordinates:
x = r sin θ cos ψ, y = r sin θ sin ψ, z = r cos θ, where 0 ≤ r < ∞, 0 ≤ θ ≤ π and 0 ≤ ψ < 2π. Then the metric coefficients are h 1 = 1, h 2 = r and h 3 = r sin θ; while the unit tangent vectors to the orthogonal coordinate curves are u 1 = sin θ cos ψi 1 + sin θ sin ψi 2 + cos θi 3 , u 2 = cos θ cos ψi 1 + cos θ sin ψi 2 − sin θi 3 and u 3 = − sin ψi 1 + cos ψi 2 .
Hence, the Moisil-Theodoresco operator in spherical coordinates takes the form:
terms) and this happens for any orthogonal curvilinear coordinate system different from the
